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Abstract 

This paper continues the study of the integral input-to-state stability (nss) property. It 
is shown that the IISS property is equivalent to one which arises from the consideration of 
mixed norms on states and inputs, as well as to the superposition of a "bounded energy 
bounded state" requirement and the global asymptotic stability of the unforced system. A 
semiglobal version of IISS is shown to imply the global version, though a counterexample 
shows that the analogous fact fails for input to state stability (iss). The results in this note 
complete the basic theoretical picture regarding nss and ISS. 



1 Introduction and Basic Definitions 



We consider continuous time nonlinear systems of the following form: 



x 



f(x,u) 



(1) 



with states x evolving in R n and inputs u taking values in M m . Inputs u are measurable, locally 
essentially bounded functions of time. The map / : M. n x R m — > W 1 is assumed to satisfy 
/(0, 0) = 0, and to be locally Lipschitz. Given any state £ G W 1 and any input u : [0, oo) — ► M m 
we denote by x(t, £, u) the unique maximal solution of the system (|l]), which is defined on some 
maximal interval [0, i max (£, «)). The system is said to be forward complete if t max (^,u) = +oo 
for all £ and u. We use the notation |£| for Euclidean norm of vectors £, and for (essential) 

supremum of a function of time. 

This paper continues the study of the input-to-state stability (iss) property (cf. ||, [?|. 
||, ||, 1C, 11, 15, 14, |l^, 17, [l^, 20, 22]) as well as its variant, the integral input-to-state 
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stability (uss) property (cf. fil S O, |T^]). Recall that the first of these is the natural extension 
to nonlinear systems (under arbitrary coordinate changes in states and inputs) of the notion of 
external stability known as "finiteness of C 1 gain" (that is, finite operator norm from £°° to 
while the second one extends to nonlinear systems the notion of finite "7^2 gain" (that is, 
finite operator norm from C? to C°°). 

It was shown in [18| that the ISS property is equivalent to the following "integral to integral" 
stability concept: the system ([!]) is forward complete, and there are some a, x> an d & € /Coo such 
that, for all initial states £ and inputs u, the following estimate holds for all t G [0, i m ax(£ 5 u)): 

a(\x(s,Z,u)\)ds < x m + f* a(\u(s)\)ds. (2) 

Jo 

In particular, for example, a system which has "finite "Hoo norm" (i.e., operator norm from C? 
to C 2 ), meaning that an estimate such as 

i , i 

i 



(\x( S ,Z,u)\)ids) < + J a(\u(s)\yds) (3) 

holds with p = q = 2, is necessarily ISS. (Actually, in a sense every ISS system satisfies an 
estimate of this form, under coordinate changes; see ||.) The estimate (H) with p = q = 2 (or, 
more generally, for any p = q) gives rise to an estimate as in (|2|) simply by raising both sides 
to the pih. power. However, mixed norms p ^ q give rise, after raising to the pth power, to the 
more general type of estimate: 

7 Qf a(|a;( S ,£,u)|)<fe) < + £ a(\u(s)\) ds (4) 

with all comparison functions of class /Coo. Alternative ways of stating such a condition arise 
by taking 7 _1 , leading to an estimate such as 



a(\x(8,Z,u)\)d8 < 7(X(|£|) + j| <r(Hs)\)ds) (5) 
(we wrote 7 _1 again as 7), which could also be written as 

a(\x(s,C,u)\)ds < xm + y(l <r(Hs)\)d8) (6) 
(just let x(r) := 7 (2%(r)) and 7 (r) := 7(2r)), or even as: 

a(\x(8,S,u)\)ds < xflei + / a(\u(s)\)ds) (7) 



holding for some a, Xi an d o G /Coo (take X := X + 7)- Note that an estimate of this type in 
turn implies again an estimate as in (Q), if one takes 7 := x 1 (and "x" is the identity in (||)). 

Given the apparent similarity between on the one hand (g) and on the other (|j) and its equiv- 
alent versions (|5|)-(^), it seems natural to conjecture that this latter property is also equivalent 
to ISS. Surprisingly, however, and this is one of the main results of this paper, this equivalence 
turns out to be false, and (^|) is in fact equivalent to integral input-to-state stability (uss). Recall 
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that a system is said to be USS if there exist functions a, a of class /Coo, and (3 of class ICC, such 
that t 

a(\x(t,£,u)\) < P{\£\,t)+ f °{\<s)\)ds (8) 

J o 

holds along all trajectories. Observe that any uss system is necessarily forward complete, 
because a(\x(t,£,u)\) is bounded by /3(|£|,0) + J Q a(\u(s)\) ds on any interval [0, T), with T < 
t max (^,u), on which the trajectory is defined (so maximal trajectories stay bounded, and are 
therefore everywhere defined). 

The concept of USS is very natural; among other characterizations, it was shown in [0] that 
USS is equivalent to the existence of a proper and positive definite smooth function V which 
satisfies a dissipation inequality of the following kind: 

DV(x)f{x,u)<-p{\x\) + a(\u\) Vx G R n , G R m , (9) 

for some positive definite function p and some <r of class JC^. (In contrast, the strictly stronger 
ISS property is equivalent to the existence of a dissipation inequality of this general form, but 
where p is required to be class /Coo.) 

We may weaken the requirements in the USS definition by not asking that the effect of initial 
conditions decay, replacing by just an upper bound 7(|£|), and even by allowing an 

additional additive constant. This leads to the following notion: a system is uniformly bounded 
energy bounded state (ubebs) if, for some a, 7, and a € /Coo, and some positive constant c, the 
following estimate holds along all trajectories: 

a(]x(t,£,u)\) < 7 (lel) + / a(\u(s)\)ds + c. (10) 

J 

Another apparently weaker notion of stability, which will be used in Section || in order to 
deal with semi-global versions of USS, is given by estimates of this type, which mix integral and 
sup norms: 

a(\x(t,£, U )\) < /3(\t\,t) + / ff(|«(a)|)cfe + 7(||«[o I t]l|oa), (11) 

J 

understood as holding for some (3 of class ICC and some a, a, and 7 of class /Coo- 

Our main equivalence results, to be proved in Section can be summarized as follows. In 
addition to the "integral to integral stability" equivalences, we also state a sort of "separation" 
theorem for USS, which allows to decompose the property into global asymptotic stability of the 
zero-input system x = f(x,0) (the O-GAS property) plus the "bounded input-energy bounded 
state" property ubebs. 

Theorem 1 For any system the following facts are equivalent: 

1. The system is USS. 

2. The system is O-GAS and UBEBS. 

3. The system is forward complete and satisfies an estimate as in (Q). 



4. The system satisfies an estimate as in (11). 

We turn now to a "semiglobal" version of the USS property, in which estimates are only 
required to hold for bounded initial states and inputs. 
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Definition 1.1 A system (|l|) is semiglobally uss if for each M > there are functions Pm £ K.C, 
and 7m and um in ^oo, such that the following estimate: 

a M {\x(t,Z,u)\) < M\£\,t) + f a M (W(s)\)ds (12) 

j o 

holds for all initial states £ and inputs it such that |£| < M and H^H^ < M, for all i € 

[0,W(M)- D 

Note that such a system is clearly O-GAS, because when u = 0, /%i(|£|,t) — > as i — > oo 
implies that x(t, £, 0) — > (attractivity) , and applying with M = 1 one establishes stability. 

The main result in that respect will be as follows. 

Theorem 2 A system, jj^) is semiglobally USS if and only if it is USS. 

This is proved in Section ||. Interestingly, the respective result does not hold for the ISS 
property, in so far as initial states are concerned; see Section [|. 



2 Proof of Theorem [j] 

We will first show that 1 <^ 2. It is obvious that 1 =>■ 2, but the converse requires the following 
steps: first we establish the existence of a lower-semicontinuous Lyapunov-like function V, 
under the assumption that an UBEBS-like estimate holds, and then we combine this V with a 
function as in the characterization of O-GAS given in j|] to obtain a non-smooth dissipation 
inequality; the final step is to show that the USS property can be deduced from this inequality. 

Next we establish that 1 => 3. This implication makes essential use of the Lyapunov char- 
acterization of USS given in [||. 

We then turn to showing that 3 2. The proof of the implication is heavily based upon 
the Lyapunov characterization of forward completeness which was recently given in ||. (As 
a matter of fact, the original motivation for that paper was in trying to provide the main 
technical step required in this proof.) The fact that ((^together with forward completeness is 
a sufficient condition for O-GAS was already shown in |l9| (see the proof of Theorem 1 in that 
paper, applied to the special case when u = 0). Hence, we are only left to show that a ubebs 
estimate holds. 

Since it is clearly true that 1 implies 4, we are only left to show that the converse is also 



true; we do this in Section 2.4. 



2.1 1 2 

The implication 1 2 follows easily simply considering that /?(|£|,t) < /?(|£|,0) and recalling 
that /?(-,0) is a K, function. The converse implication is more interesting. 

As a preliminary step, we show that, if a system is O-GAS and ubebs, we may always reduce 
to the special case c = 0. Moreover, we show that a weaker estimate is also possible. 

Lemma 2.1 Suppose that a system ([l]) is O-GAS. Then the following properties are equivalent: 
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The system satisfies along all trajectories an estimate of the following type, for suitable 
maps of class /C^: 



ai(|s(t,£,tt)|) < a 3 (|e|) + X / n{\u(s)\)ds 



The system satisfies along all trajectories an UBEBS-like estimate with c = 0: 



a(\x(t,£,u)\) < 7 (iei) + / MHs)\)ds. 



(13) 



(14) 



• The system is ubebs. 

Proof. If an estimate of the type QI3D holds along all trajectories, we simply introduce Q4 (r) := 
X~ 1 {r/2), so that (|l4|) holds with a = oa.\ and j(r) = a±(2az(r)). Clearly, if an estimate of 
type (pl|) holds, then the system is ubebs (just take c = 0). Thus, all that we need to prove is 
that any O-GAS and UBEBS system satisfies an estimate of type (|l3|). 

By virtue of Lemma 4.10 in Q, we have that O-GAS implies the existence of a smooth 
function V : M. n — > M>o, two class functions on such that ( |l6| ) holds, and some 9, 5 of class 
/Cqo, so that 

W(i)/(i,u) < 9(\x\)6(\u\) VxGM n , V?iGR m . (15) 
Taking the integral of this inequality in both sides yields the following estimate: 



V(x(t,S,u)) < V(0 + / e(\x(s,H,u)\)8(\u(s)\)ds 



(16) 



along all possible solutions corresponding to initial states £ and controls u. We now exploit the 
ubebs property in order to show that we can always reduce ourselves to the case c = 0. 

In general, for any class-/C map a, we have that a(a + b + c) < a(3a) + a(36) + a (3c). 
Applying this observation to (|10|), we obtain the following estimate along all solutions: 



(17) 



where a(r) := 9oa l (3r). Majorizing 0([x(s)|) in the right hand side of (|T(|) according to (|i~7|), 
we obtain: 



0(\x(s,£,u)\) < a(3 7 (|e|)) + Q / 3<7(|«(r)|)dr + d(3c) , 



y(x(t,e,n))-y(0 



< 



< 



5(7([£l)) + 5 / <\<r)\)dr ) + a{c)\ 5{\u{s)\)ds 



a(7(|ei))+5 / o-(\u(T)\)dT)+a{c)\ 5{\u{s)\)ds 



5{\u{s)\) ds 



«(7(l^l))+a / o-(\u(s)\)ds) +a(c) 



< 



«(7(iei)) +x / K(i«ooi)cfa 



where «;(r) = max{o"(r), S(r)} and x( r ) = 7,2 + a(c)r + o(r)r. Now let ol\ and 02 be such 
that ( |l8|) holds. Then we have an estimate of the type (|l3| ) holding along all trajectories, with 
with a 3 := a 2 + [a(7(-))] 2 - ■ 
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Thus, we assume from now on that an estimate fll4| ) holds. The next step is to obtain a 
Lyapunov-like property. 

Lemma 2.2 Suppose that system (|l]) satisfies an estimate (14). Then, there exist functions 
ai, oi2, and o\ of class /Coo, and a lower semicontinuous function V : W 1 — ► M>o such that 



ai(\x\) < V(x) < a 2 (\x\) 
holds for all x, so that along all trajectories the following estimate is satisfied: 

V(x(t^,u))-V(0 < ! <Ti(\u(s)\)ds. 

Jo 

Proof. Take as V the following function: 



v(0 



sup <J a(\x(t,£,u)\) 

t>0,u(-) 



ai(\u(s)\) ds 



(18) 



(19) 



(20) 



Lower-semicontinuity of V follows by a routine argument from the continuity of a(\x(t, -,u)\). 
By definition of ubebs in (|To|), V is finite- valued and (111) is satisfied with ai = a and a 2 = 7- 



We show next that, along trajectories of the system, V satisfies (19). In fact 

V(x(t,£,u)) = sup \x(r,x(t,C,u),v)\ - ai(\v(s)\) ds 
t>0,v(-) JO 

= sup \x(t + t, £, u#v)\ — / o~i(\v(s)\) ds 
t>0,v(-) Jo 

rt+r i-t 

sup \x(t + t,£,u#v)\ - / ai(\u#v(s)\) ds + / 

>0,v(-) Jo Jo 

sup \x(f,£,v)\- o-i(\v(s)\) ds 

f>0,v(-) Jo 



ai(\u(s)\) ds 



ai(\u(s)\) ds 



< V(0+ f ai(\u(s)\)ds, 
Jo 

where u#v denotes the concatenation input: u#v(t) = u(t) for t < r and v(t — t) otherwise. 



To complete the proof that the system is IISS, we take a function V\ as in Lemma 2.2. 
In [||, it is shown that, for each O-GAS system there exists some smooth, positive definite, and 
"semi-proper" function V% : W 1 — > R>o so that, for some a 2 € /Coo and some continuous positive 
definite function p : IR>o — > M>o> 



DV 2 (x)f(x,u) < -p(\x\) + a 2 (\u\) 



(21) 



holds for all x G M n and all u £ M m . (Semiproper was defined in that paper as: for each r in the 
range of V 2 , the sublevel set {x|V2(x) < r} is compact.) Consider the function V := V\ + V 2 . 
This function is such that ( |i~8| ) holds for all x, for suitable a%, a 2 of class /Coo, and also there is 
a a of class /Coo (namely, we may pick a = o\ + a 2 ) and a continuous positive definite function 
p, such that 



V{x{t,i,u)) < V(0+ / a(\u(s)\)ds 



p(\x(s,£,u)\)ds 



(22) 
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holds along all trajectories. (Note that V(x(t,£,u)) is Lebesgue measurable as a function of 
t, because V is lower semicontinuous, so the integral makes sense.) Thus the proof will be 
completed once that we show the following non-smooth version of the sufficiency condition for 
USS established in f|]. 

Lemma 2.3 Consider a system (||), and suppose that there exists a function V : W 1 — ► M>o, 
functions a%, a 2 , a of class /Coo, and a continuous positive definite function p, such that ( |l8| ) 
holds for all x, and so that V(x(t, £, u)) is Lebesgue measurable as a function oft, and (22) holds 



for all £ £ M. n , all input signals u, and all t > 0. Then the system is Integral Input-to-State 
Stable. 

Proof. We apply Lemma 3.1 in || to the continuous positive definite function p, to conclude 
the existence of p\ € /Coo and p2 € C such that: 

p(r) > Pl (r) P2 (r) (23) 

holds for all r > 0. We define 

p(r) := p 1 (a^ 1 {r)) p 2 (a^ l (r)) 
and we pick a continuous positive definite and locally Lipschitz p* such that 

P*(r) < h(r/2)~p 2 {r) 

for all r. 

Thus, for all x G W 1 we have: 

p(|x|) > Pl (\x\)p 2 (\x\) > p 1 (a 2 1 (V(x)))p 2 (a^ l (V(x))) = p(V(x)). (24) 

From (p2[), taking into account (24), we have that 



V(x(t,t,u)) < V(0+ f a{\u{s)\)ds - f ' p(V(x(s,Z,u)))ds (25) 

Jo Jo 

along all trajectories. We also note for future reference, that V satisfies the following "no upper 
jumps" properties: 

lim sup V(jc(t)) < V(x(t )) (26) 
liminfV(x(t)) > V(x(t )). (27) 

along all trajectories, for all to > 0. 

Now pick any initial state £ and any input u, and consider the (unique, since p* is locally 
Lipschitz) solution of the following initial value problem: 

w = a(\u\)-p*(w), w(0) = V(£). (28) 

Claim: 

V(x(t,f,u)) < w(t) Vt>0. (29) 
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In order to prove this, we first fix an arbitrary e > 0, and we consider the initial value 
problem 

w = a(\u\) - p*(w), w(0)=V{0+e. (30) 



We will we show that ( |29| ) holds for this modified problem, for each such e. Then the result 
will follow for the original problem by letting e — > and using the fact that, for each t, the 
solution w(t) depends continuously on e. Note that, since w(0) > for the modified problem, 
also w(t) > for all t, by a comparison principle: w(t) > —p*(w(t)) for all t, and the equation 
v = —p*(v) has unique solutions and has zero as an equilibrium. 

Assume, by way of contradiction that there would exist some t > such that V(x(t, £, u)) > 
w(t). Let: 

r := inf {t > : V(x(t, £, u)) > w(t)} . (31) 

To simplify notation, we write from now on x(t) instead of x(t,£,u). By definition of r and 
(pq) , we have 

w(t) < limsupy(x(t)) < V(x(t)). (32) 

Since V(^) < w(0), necessarily r > 0. 

Observe that V(x(t)) < w(t) for all t < r, so in particular, using (|27|) and continuity of 
w(t): 

w(t) > limsupF(x(t)) > liminf V(x(t)) > V(x(t)). (33) 



t-*T- 



t-*T~ 



Putting together (33) and (p^) gives 

W ( T ) = V(x{t)) = lim V(x(t)) 



t-*T- 



so there exists some 5 > such that < V(x(t)) < w(t) for every t E [r — 5, r). We also 



2 

have the fact that 



p(r) > pi{r)p 2 (r) > p 1 (s/2)p 2 {s) = p*{s) 
whenever s/2 < r < s. We thus obtain a contradiction: 

V(x{t)) < V(x(t-5))+ / a(\u(s)\)ds- / p(V(x(s)))ds 

Jt-S Jt-8 

PT f'T 

< w(t-5)+ / a(\u(s)\)ds - / p*(w(s))ds 

Jt-8 Jt-8 

= w(t) . 

This completes the proof of the claim. 

By Corollary 4.3 in j2], associated to the positive definite continuous function p* there is 
some function (3 of class ICC with the following property: if u is an input and w is the solution 
of w = cr(\u\) — p*(w) with initial condition wq, then w(t) < 0(wo,t) + J Q a(\u(s)\) ds for all t. 
It follows from our claim that 

ai(|x(t,e,u|) < V(x(t,£,u)) < w(t) < 0(V($),t)+ /* <r(\u(s)\)ds. (34) 



o 



This proves that the system is IISS. 
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2.2 1^3 



We show next that 1 implies 3. We must show the estimate in @. By virtue of the converse 
Lyapunov characterization of IISS cited earlier, there exists a smooth function V : W 1 — > M>o 
so that (|18D holds for suitable a\ and such that (S) holds. Integrating, we obtain that (p2[) 



holds along all solutions. In particular, \x(t, £, u)\ < + K2(/ q a (\ u ( s )\)ds), where we have 

defined «i(s) = aj -1 o2a2(s) and K2(s) = a^ 1 o2s. We apply Lemma 3.1 in to the continuous 
positive definite function p, to conclude the existence of pi 6 /Coo and p2 £ C such that (p3|) 
holds for all r > 0. Then, 

f 



V(x(t,£,u)) < V(0+ / <r(Ks)|)ds 

JO 



Pi(\x(s,£,u)\)ds 







Define now the function 7 as 



7(r) 



P2 ( «i(|f|)+AS2 ( / <7(|u(s)|) ds 



1 



P2(0) ' 

Notice that 7 is of class /Coo. Moreover, we also to define the following class /C functions: 



(35) 
(36) 



Xi(r) 
X2{r) 



max{7 o 2Ki(r), 0*2 (f)} 
max{7 o 2K2(r), r}. 



(37) 



It follows from (p5|) and (37) that 



/Oi(|x(s,^,u)|)(is 



< 



< 



1 



P2(0) 
1 



+ 7 «l(l^l) + «2 



<r(|it(s)|)(is 



^ (()) + 7(2Ki(|ei)) + 7°2 K2 (J (7(|u(s)|)ds 



< 



< « 2 (!e|)M(0) + 2 Xl (|e|) 2 + (x2/p2(0)+2 X 2) o ^ a(\u(s)\) 



V(0+ [ <T(Hs)\)ds 

Jo 

a 2 (|£|) + [ a(\u(s)\)ds 
Jo 

2 



This is an estimate of type (g), as wanted. 



2.3 3^2 

As mentioned earlier, the fact that (|7|) together with forward completeness is a sufficient con- 
dition for O-GAS was already shown in [18|. So we must show that a ubebs estimate holds. 

We start by recalling a result in [0]. It is shown there that forward completeness of (|]) 
implies (and is, in fact, equivalent to) there being an estimate of the following type along all 
trajectories: 

\x(t,S,u)\ < «i(t) + «2(|£|) + ^3 (J j(\u(s)\)ds) + c (38) 
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holding for some ki,K2A3 ; 7 of class /Coo and some c > 0. We choose functions like this, and let 
a, x, and a be as in the estimate (0). We also introduce 

5 : = max{7, a}. 

We also define, for each r > 0: 



m(r) := sup I \x(t, £, u)\ : t > , |£| < r , j 5(\u(s)\) ds < r 

Note that m is a nondecreasing function. The main technical step is in showing that m(r) < oo: 
Lemma 2.4 For each r > 0, 

m(r) < K X (^y) + «2(r) + «3(r) + c. (39) 



Proof. Pick any r > and denote for simplicity the right-hand side of (39) as M(r). Pick 
any state £ and input u so that |£| < r and / + °° <5(|u(s)|) < r. We need to show that, 
for all t, \x(t,£,u)\ < M(r). Assume that is not the case, so there is some T > so that 
\x(T,£,u)\ > M{r). Let 

r := sup{t < T : \x(t, £, u)\ < r} , 
so that > r for all t E [r, T]. It follows from (0) that 

a(r)(T — t) < I a(\x[s, £, u)\) ds 
f T 

< / a(\x(s,£,u)\) ds 



Jo 

< ^( r + ^ <r(Hs)\)ds 

< X(2r). 

With the notations 

T:=T-r<^, f := x(r, £, u) , «(•):= u(- - r) 

we have that 

\x(T,£,u)\ = \x{f,i,u)\ < Kl {f) + K2 (r) + K 3 (r) + c = M(r) 
a contradiction. 

Now pick any £ and u, and let 



r :- 



max||£|,^ +0 °5(|n( S )|)d S | . 



By definition of m, 

\ x {t,C,u(-))\ < m(r) < x(r)+c 

for all t > 0, where x is anv class-/Coo function and c is any constant such that m(r) < x( r ) + c 
for all r (such x an d c exist because m is nodecreasing and finite- valued) . With a := (2x) _1 , 
we conclude that 

a{\x{t,£,u{-))\) < r + a{2c), 
for all t, which gives us a ubebs estimate, as wanted. 
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2.4 4^1 

In order to prove the result, we need to appeal to the "small gain" argument used in the proof 
of the converse Lyapunov theorem for uss in 0. We review here the key technical steps needed 
from that argument, in a manner not stated explicitly in [0]- 

In general, for any system (|l]), and any given smooth /Coo function ip, we consider the 
following auxiliary system: 

x = f{x,M\x\))> (40) 

where we restrict the inputs d to have values in the closed unit ball, i.e. d(-) : [0, +oo) — > B, 
where B denotes the set {/i G M m : |//| < 1}. We let Aig denote the set of such inputs. For 
each £ and cZ, we use ^(i, £, d) to denote the trajectory of (pQ ) corresponding to initial state £ 
and input d, defined in some maximal interval [0, t m£LX (£, d)). 

Suppose given, for the system fl4C|), maps a, 7, and (p of class K,^, such that 7 is smooth, 
and denote, for each £ 6 M n , each t > 0, and each d G 

d) := aflame, d)|) - [\(\d(s)\ <p(\xV( S ,Z,d)\j) da 



Jo ' 

and for each £, 

:= sup{>(t,£,d) : te[0,t m£LX ((,d)),d£M s } 
(possibly = +00). Suppose also given a 0o € /Coo so that 

< A)(i£i) ve,d, t€ [o,t max (e,d)). (4i) 

Notice that, under this assumption, g is finite-valued, and 

5(K|) < 5(0 < ft>(|£|) 

for all £ € M n . Finally, assume that for each < r\ < r<i there is a T(r\,r2) > such that the 
following property holds: 

ri<|£|<r 2 9 (0 = sup{*(t,£,d) : 0<t <T(n,r 2 ), dG^}. (42) 

Then, the proof of the main theorem in |2j contains a proof of this fact: 

Proposition 2.5 If the system (|l|) is O-GAS, and if the above assumptions hold, then the 
system @ is USS. □ 

We now apply this result to show that a system which satisfies an estimate ( |Tl"| ) is necessarily 
USS. Note that such a system is O-GAS. Assume without loss of generality that a = 7 in (11), 
i.e., the system satisfies the following estimate: 

a(\x(t,Z,u)\) < mit) + [ l(Hs)\)ds + 7(lho,t)IU) (43) 

J 

for all t > 0, all initial conditions £ £ M n , and all measurable locally essentially bounded u(-). 
Let </? be any smooth /Coo function such that 

7M<0) < ^ Vs>0. 
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We will establish the properties needed for applying Proposition 2.5 with the same 7 and ip, 
a := a/2, and (3q := /3(-,0). (The only minor technical problem in applying the result is the 
requirement that 7 be smooth; smoothness at the origin is needed due to the method of proof 
used in Q]. It is possible, however, to assume this fact with no loss of generality, employing the 
same trick as in [Q] to produce a related system for which ( |TT| ) holds with smooth 7.) 

We start by establishing (fill). 
Lemma 2.6 For all £, d, and t G [0,t max (£,d)), 

a(\xV(t,(,d)\) < 2/? (|£|) + 2j\(\d(s)\<p(\x^s,td)\))ds. (44) 
Proof. For all r G [0,t], write n(r) := d^y^x* (t , £, d)[), so that 

7(l«(r)|) < 7 (k(l^(r,C,d)l)) < a(|a ^' d)l) (45) 



for all t, and thus also 



,,, 1 1 , a (ll x [o )T )ll°°) 

7(ll^[0,r)Hoo < - 



2 

for all r, where we are denoting by [|a;jp 7 .J| 00 the sup norm of x^(-,£;,(i) over the interval [0,r]. 
Now applying (^) with this u, we have 

(y. ( 1 1 1 1 ^ 

a(|x*(r,£,d)|) < /3(|e|,t) + J l(\u(s)\)ds + . (46) 

Now taking the supremum over r G [0, we obtain: 



a(||af 0)t) ||oo) ^ + / l(Hs)\)ds + 



a (H x fo,t)ll~) 



so that we conclude 

adlxf^lU) < 2/3 (|e|) +2 jf n 7 (l«(«)l)ds- 
Equation @ follows from a(|z^(£, £, cT)|) < a(||x^ t) | 



00 ; 



In order to obtain the T(ri,r2)'s as in (^2j), we need a simple observation. For each £ and 
d, we let d) denote the set of i G [0, i m ax(£) d)) for which 



|^(i,C,d)| = Halloo 

where we again use ||xp t )||oo to indicate the sup norm of x 9 '(-,^, d) over the interval [0, t}. 

Lemma 2.7 For each £, d, and t G [0, f max (£, d)), there is some r G G(£,d) such that 
Ix^tj&d)! = |x^(r,£,d)| and t <t. 

Proof. Just let r := min{s G [0,t] : ^(s, £, d)| > \x^(t, £, d)\}. By definition of r, |a^(s, £, d)| < 
\x?(T,Z,d)\ for all s G [0,t). I 
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We use this remark as follows. Given any £ and d, and any t, we pick r as in the Lemma. 
As r < t and 7 is nonnegative, 

\(\d(sM\x^( S ,Z,d)\))ds < - f T 7 (\d(s)ip(\x^(s,^d)\))ds 
Jo 

so also z(t,^,d) < z(t, £, d). Thus, for each £, 

5(0 = sup{z(t,£,d) : t eG{£,d), deM s }. 
For i G G(£,d), the estimate ( ^6[ ) gives 

a(|x*(t,£,d)|) = a(K(i,£,<OI) ^ 

< mit) + [%(\d( S M\xV( S ,z,d)\))ds, 

Jo 

i.e., z(t, £, d) < t). Since > a(|£|), we may pick as T(rx,r2) any t such that (3(r2,t) < 
d(ri). This completes the verification of the conditions needed in order to apply Proposition |2.5| . 

3 Proof of Theorem |2] 

For technical reasons, it is convenient to introduce properties separating semiglobal behavior 
with respect to inputs or states respectively. 

We say that a system is semiglobal IISS with respect to inputs if, for each M > there are 
functions 0m € ICC, and 7 m and c*m in ^ooi such that the estimate (O) holds for all initial 
states £ and all those inputs u for which HuH^ < M. The system is semiglobal uss respect 
to initial states if, for each M > there are functions /3m G JCC, and 7m and om in ^00, such 
that the estimate (^) holds for all inputs u and for all those initial states £ such that |£| < M. 
We could ask in these definitions "Vi G [0, £ max (£, n))" or "Vi > 0"; it amounts to the same 
thing since either property implies forward completeness, i.e. i m ax(£> u) = +00. Note also that 
if a system satisfies either of these properties then it is O-GAS (the argument is exactly the same 
as the one given earlier for semiglobal uss). 

The property of being semiglobally USS with respect to inputs can be equivalently restated 
as the requirement that every saturated-input system 

x = f (x, sat M (u)) , (47) 

where satM(^) indicates the projection of u into the ball of radius M in W 71 , be USS, for each 
M > 0. Indeed, asking for each such system to be USS amounts to asking that the required 
estimation functions exist. 

We will first prove this: 

Proposition 3.1 The following facts are equivalent: 

1. System @) is IISS. 

2. System (jlj) is semiglobally USS with respect to inputs. 
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3. System (j^) is semiglobally USS with respect to initial states. 

Then, we shall prove a variant of the equivalence of 4 and IISS in Theorem |l|. We replace 
the estimate (|ll]) by an estimate as follows: 

a(\x(t,€,u)\) < + / v(\u(s)\)ds + 7(lhro,t]lloo), (48) 

J o 

understood as holding for some /?o, a, cr, and 7 of class /Coo, along all trajectories. Of course, 
an estimate ( |Tl|) implies also an estimate of this type, just using (3o( r ) '■= /?( r )0). So an uss 
system always satisfies this. The converse is less obvious: 

Proposition 3.2 System (|l]) is USS if and only if it is O-GAS and it satisfies an estimate (f48|). 

The key calculation is contained in the following fact, to be proved after we show how the 
main conclusions follow from it. 

Lemma 3.3 Assume given three families of functions 

{Pm,M GN}CK£, {a M , M G N} C /Coo , {lM, M G N} C £«, , 

as well as two nondecreasing functions 

cxi : [0, 00) — > [0, 00) , i = 1,2. 

Then, there are a class-/C£ function (5 and class-/Coo functions 71, 72, 5\, and 82 such that, for 
all T > 0, 

P\ ai (R)+ a2 (S)]{R, T ) + l\ ai (R)+a 2 (S)] (J V\ ai (R)+a 2 (s)-}(<P(s))ds 

< 0(R,T) + 7 i(«i(^)) + 72(a 2 (5)) + 5 X ^£ 6 2 (<p(s)) ds 
for all R > 0, all S > 0, and all measurable functions 92 : [0, T] — > M>o- 

Here we are using |~r] to denote the "ceiling" of r E M., i.e. the smallest integer larger or 
equal than r. In the following we will also make use of the "floor" function, [rj, defined as the 
largest integer smaller or equal than r. 



Let us see how Proposition 3.1 follows from this. Suppose first that the system is semiglob- 
ally USS with respect to inputs. Thus there are families aw and (3m so that (12) holds whenever 
IMloo < M, for all £ and t. Applying a^ 1 to both sides, we obtain: 

\x(t,£,u)\ < p M (\£\,t) + J M (J a M (\u(s)\)ds} , (49) 

where we defined 7m(^) = a M (^ r ) anc ^ PM(f,t) = a M l {2j3M{i',t)). We apply Lemma ^3| to 
these families of maps (restricting attention to integer values of M), with a± = and oli (S) = S. 
With the functions given by that Lemma, take now any £, u, and t. Let S := ||u||oo> M := \S~\, 
and R := |£|. As ji(ai(R)) = 71(0) = 0, we have 

\x(t,t,u)\ < 0(\£\,t) +I2QWU +S 1 ^6 2 (\u(s)\)ds 
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Applying to both sides «(•), where a(3<5i(r)) = r, we get rid of the 5i function and recover the 
estimate in part 4 of Theorem |l], so that the system is indeed USS. 

Suppose now that, instead, the system is semiglobally USS with respect to initial states. 
Thus there are families om and (3m so that ( |T^ ) holds whenever |£| < M, for all u and t. 
Applying a M to both sides, we obtain again an estimate like (^). This time, we apply the 
Lemma with 02 = and ai(R) = R. With the functions given by the Lemma, take any £, u, 
and t. Let 5 := IHIqo, R ■= and M := \R}. As 72(01(5)) = 0, we have 

\x(t,c,u)\ < m\,t) + 7i(iei) + s i(l Hwmds 
< 7(iei) + *i(jT% 2 (K*)i)rfs 

where 7(7-) = f3(\r\ , 0) +7i(|r[). Applying to both sides oc(-), where a(2Si(r)) = r, we get rid of 
the 5\ function and recover an UBEBS-estimate; together with the fact that the system is O-GAS, 
Theorem [l| guarantees that the system is indeed USS. This ends the proof of Proposition 3.1. 



Let us now prove Proposition Suppose an estimate (|48| ) holds for all trajectories 



Because of Proposition 3.1, it is sufficient to show semiglobal USS with respect to inputs, or 
equivalently that each system ( p7|) is USS. Fix any M. The estimate ([Ig), applied to inputs 
bounded by M, gives us that the ubebs property holds, with c = 7(||wrot] ||oo) an d 7 = A)- 
Thus the system (p7|) is USS, as follows from Theorem |l] applied to that saturated system. 

Finally, we prove Theorem |. We assume that there are families om and Pm so that ( |l2| ) 
holds whenever |£| < M, WuW^ < M, and all t. 1 Applying a^ 1 to both sides, we obtain again 



an estimate like (|49|) . We apply once more Lemma 3^, now with ct\(R) = 02 (R) = R- With 
the functions given by the Lemma, take now any £, u, and t. Let S := IM^, M := \S~\, and 
R := |£|. Then we obtain an estimate as follows along all solutions: 

\x(t,£,u)\ < TO,0)+7i(|ei)] +72(lklL) +6 1 (J*5 2 (\ U (s)\)ds 

Applying to both sides a(-), where a(35i(r)) = r, we once more eliminate the 5\ function and 
recover an estimate fl4S|), so Proposition |3]^ gives us that the system is indeed USS. 
To summarize, we are only left with proving Lemma |3] 



3.1 Proof of Lemma B.3 



Let us state several facts about ICC and /Coo functions, to be proved below. 

Lemma 3.4 Let {/?m}mgn be a family of class ICC functions. Then there exist functions 
71 G /Cqo and (3 6 ICC such that 

/3m M) < K(M)P(r,t) 

for all r, i > and all M > 0. 

Lemma 3.5 Let {7m}msn and {<7a/}mgn be two families of class /Cqo functions. Then, there 
exist three functions 72, Si, and 82 of class /Cqo such that, for all T > and measurable functions 
V?: [0,T] ^M> , 

7m( [ a M (<p(s))ds) < 72 (M) 5 2 (^(s))ds 



/ vo 
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Lemma 3.3 follows immediately from these two lemmas, since \ai(R) + a.2 (S)~\ < a\{R) + 



&2{S) + 1 and using the facts that 

*h.{ai{R)+a 2 (S) + l) < 7i(3a 1 (i?))+7i(3a 2 (5))+7i(3) 

(and similarly for 72) and ab < a 2 + b 2 . One gets 

P(R,T) = %(3)P(R,T) + 2[P(R,T)} 2 , 

ll(r) = [7i(3r)] 2 + [ 72 (3r)] 2 , 
Si(r) = 72(3) 5i(r) + 2[,5 1 (r)] 2 , 

and the same 82- 

So we must prove these two lemmas. Let us collect first three useful facts about KC and 
/Cqo functions. 

Lemma 3.6 (Corollary 10 and Remark 11 in [ff^].) For each 7 G /Coo there is a a € /Coo such 
that 7(rs) < <r(r)a"(s) for all r, s > 0. □ 



Lemma 3.7 (Proposition 7 in [JDJ.) For each (3 G /C£ there exist Q\ and #2 in /Coo such that 
P(r, t) < 61 (9 2 (s)e- t ) for all r, t > 0. □ 



Lemma 3.8 (Corollary 4.5 in Q.) Suppose that 7 : IR^q — » M is such that 7(-, s) € /C for each 
s G R>o and 7(r, •) € /C for each r G M>o- Then, there exists some function a G fC such that 

j(r, s) < a(r)a(s) 

for all (x,y) G (M>o) 2 - □ 

We prove one more result of this type: 

Lemma 3.9 Let {7m}msN be a family of class /Coo functions. Then, there exists a cr in /C such 
that 

luir) < a(M) a{r) Vr > 0, VM G N . 

Proof. We first make {7m} into a monotonically increasing family of functions, by defining 

7 M (r) = max 7;(r). (50) 
i=l. ..M 



We then let 7 : K> — > M>o be as follows 
7(s,r) = < 



7 s (r) if s G N 

7wW(H-s)+7 M W(s-W) if S >lands^N (51) 

7X (r)s if s G [0, 1) . 



By construction. 7 is a function of class /C/C, so we may apply to it Lemma |3.S| , obtaining a so 
that 

l M {r) < 7M(r) < %M,r) < a(M)a(r) (52) 
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holds for all M, r. 



Let us prove Lemma 3.4. Let {Pm}mgn be a family of class ICC functions. We ap- 
ply Lemma |3]7] to each (3m, obtaining families {9 M } and {9 M } in /Coo such that /3M(r,t) < 
9 M (#^f(r)e~*) for all r, t > and all M. Next we apply Lemma 3.9 to each of the families 



{0 l M } and {9 M }, obtaining functions o~\ and a 2 , and to o\ we apply Lemma 3J3 to get 9 G JC C 
such that: 

pM{r,t) < a 1 (M)a 1 (a 2 (M)a 2 (r)e~ t ) 

< a l {M)9{a 2 {M)) 9{<7 2 {r)e- t ) 



7(M) 



P(s,t) 



as desired. 



Finally, we prove Lemma 3J3. We apply Lemma |3^ to each of the families {7m}mgn and 



{&m}m£N, obtaining functions o\ and a 2 and to a\ we apply Lemma 3^ to get 9 G /Coo such 
that: 

7m(^ a M (v?(s))^ < <7i(M)<nQf a-2(M)<7 2 (y(*))cfa 

< ai(M)cri(a 2 (M) J a 2 (<p(s))ds 

< ai{M)6{a 2 (M)) 9 (J a 2 (ip{s))ds 



so the conclusions of Lemma 3.5 hold with with 72(M) := ai(M) 9 (a 2 (M)), 5\ := and 

5 2 '.= <7 2 . 



4 A Remark on Semiglobal ISS 

For ISS, in contrast to IISS, the corresponding semiglobal property is strictly weaker, as shown 
by a counterexample in Section 4.1. If only inputs are restricted, however, a positive result 
exists, as we discuss next. 

We say that a system is semiglobally ISS with respect to inputs if for each M > there are 
functions /3m G /C£, and 7a/ in /Coo, such that 

\x{t,£,u)\ < /3 M (\£\,t) + 7A/(IM|oo) (53) 

holds for all initial states £ and all those inputs u for which {{uW^ < M. 
We will estabilish the following result: 

Theorem 3 System ^) is ISS if and only if it is semiglobally ISS with respect to inputs. 



Proof. We will prove the result exploiting the "lim property" characterization of ISS given in [19]: 
ISS is equivalent to Lyapunov stability of the unforced system x = f(x,0) plus the following 
asymptotic gain condition on all solutions of (|l|): 

liminf \x(t,£,u)\ < 7(||w||oo) , (54) 

t— >+oo 
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for some function 7 of class /Coo. Stability is clearly implied by semiglobal ISS with respect to 
inputs; in fact the unforced system is clearly O-GAS. Suppose that, for all M, the functions 
Pm £ and 7m in /C^ are as in the definition. We apply lemma 3J] to the family {7m} to 
obtain a a as there, and define 

7 ( r ) : = 7 ( r + i) 7 ( r ) ) 

which is clearly of class K^. We claim that (|54|) holds. Indeed, pick any £ and u, and let 

u : = nnioci- Then > for ai1 

\x(t,S,u)\ < P M {\S\,t) + a(M)a(\\u\U < p M {\£\,t) + 7 (I«IU 
from which (|54|) follows. I 



4.1 Counter-example 

We now provide a system which is "semiglobally ISS with respect to initial states" in the obvious 
sense but which is not ISS. Consider the system: 

X\ = — Xi(l — SUIX2), 

±2 = —X2 + u . (55) 



Claim 1: The system is not ISS. Suppose that the system is ISS. Then there exists some G ICC 
and some 7 G JC such that 

\x(t,C,u)\ </3(|£|,t)+7(Hloo) 
for all t > 0, all initial states £ and all u. Consequently, 

limsup \x(t,£,u)\ < 7(||it||oo) (56) 

for all £. Consider the initial state £ = (7(71-/2) + l,7r/2) and the input given by u(t) = tt/2. 
The corresponding trajectory is 

Xl (t) = 7(tt/2) + 1, x 2 (t)=Tr/2, Vt>0. 

Property ( ]56| ) fails to hold for this trajectory. This shows that the system is not ISS. 

Claim 2: There is a ICC- function /3 such that, for each M > 0, there is a /C- function 7m such 
that 

\x(t,£,u)\ <0(|£|,t) + 7M(|Mloo), Vt >0, 
for all |£| < M and all u. 

The trajectories of the system are given by: 

Xl (t) = ^ ie Io-^-^^(s))ds^ 

%2{t) = ^2e~* + e~* / e s u(s)ds. 

Jo 

For the x 2 part, one has the following estimation: 

\x2{t)\ < |6|e~* + || ^ 1 1 00 - 

(57) 
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The estimation for the x\ is a bit more complicated than the x 2 part. First of all, we note that, 
for all s > 0, 



sinx 2 (.s)| < 



sin[£ 2 e s + e s [ e a u(a) da] 
Jo 

sin[£ 2 e~ s + e~ s [ e a u(a) da] 
Jo 



= sin(£ 2 e~ s ) cos(e~ s / e a u(a) da) + cos(£ 2 e~ s ) sin(e~ s / e a u(a) da) 
Jo Jo 

< |sin(^ 2 e~ s )| + sin(e~ s / e a u(a)da) 

Jo 

< |6| + sin(e" s / e a u{a)da) 



so 



< |^i|e^ 2 'e~*e^o I sin ( e_s Jo e CT w(o-) da)\ ds 



Observe that 



< min < e 



sin s J e a u(a) da^j 

Hence, when ||ii||oo < 1/2, one has 

/ sin(e~ s / e° u(a) da)\ds < / e~ s 
Jo Jo Jo Jo 



e a \u{a) \ da , 1 



} 



< 



e ||w||oo da ds 
^ ~ l) ds < t/2, 



and when ||it||oo > 1/2, one has 

/ sin(e~ s / e a u(a)da) 
Jo Jo 



ds < / ds = t. 



o 



(58) 
(59) 



Consequently, when < 1/2, 

\xi{t)\ < |ei|e l6l e-V /2 = |6|e l6l e-* /2 , 

and when ||u|| > 1/2, 

\xi(t)\ < |Ci|e l6l e-V = |6|e 161 - 

Let P(s, t) = se s e~ t / 2 , and, for each M > 0, let jm be any IC function such that 7m(0 > Me M 
for all r > 1/2. Then the above shows that 

\xi(t)\ <j9(|^|,t)+7M(H|oo), Vt >0, 
for all £ and u. Combining this with (1571), one sees that Claim 2 is true. 
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